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THERMODYNAMIC FORMALISM FOR CONTRACTING LORENZ
FLOWS
MARIA JOSÉ PACIFICO AND MIKE TODD
Abstrat. We study the expansion properties of the ontrating Lorenz ow introdued
by Rovella via thermodynami formalism. Speially, we prove the existene of an
equilibrium state for the natural potential ϕˆt(x, y, z) := −t logJ
cu
(x,y,z) for the ontrating
Lorenz ow and for t in an interval ontaining [0, 1]. We also analyse the Lyapunov
spetrum of the ow in terms of the pressure.
1. Introdution
The Lorenz ow [L℄ is one of the key examples in the theory of dynamial systems due to
the haoti nature of its dynamis, its robustness and its onnetion with hydrodynam-
ial systems. The Lorenz attrator, a `strange attrator' with a harateristi buttery
shape, has extremely rih dynamial properties whih have been studied from a variety
of viewpoints: topologial, geometri and statistial, see [Sp, AP℄. Part of the reason for
the rihness of the Lorenz ow is the fat that it has an equilibrium, i.e. a xed point,
aumulated by regular orbits (orbits through points where the orresponding vetor eld
does not vanish) whih prevents the ow from being uniformly hyperboli. Indeed it is one
of the motivating examples in the study of non-uniformly hyperboli dynamial systems
[MPP℄. It is also robust in the sense that nearby ows also possess strange attrators
with similar properties. The Lorenz equations an be studied using geometri models of
the Lorenz ow, see [ABS, GuW℄. It was shown by Tuker [Tu℄ that the Lorenz equations
do indeed support a geometri Lorenz ow.
The lassial geometri Lorenz ow is expanding. This orresponds to the Lyapunov
exponents at the origin, λs and λu, the stable and unstable exponents respetively, having
λu+λs > 0. A Rovella-like attrator [Ro℄ is the maximal invariant set of a geometri ow
whose onstrution is very similar to the one that gives the geometri Lorenz attrator,
[ABS, GuW, AP℄, exept for the fat that the eigenvalue relation λu + λs > 0 there is
replaed by λu + λs < 0. As in the ase for the geometri Lorenz attrator, a Rovella
attrator has a global ross setion: a line Γ ⊂ R3, and a rst return map f˜ dened on
R
3 \ Γ that preserves a one-dimensional foliation whih is ontrated under the ation of
f˜ . Thus, as in the ase of the geometrial model for the Lorenz ow, it is possible to
study the dynamis of a Rovella ow through a 1-dimensional map obtained quotienting
though the leaves of this ontrating foliation. Unlike the one-dimensional Lorenz map
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obtained from the usual onstrution of the geometri Lorenz attrator, a one-dimensional
Rovella map has a ritiality at the origin, aused by the eigenvalue relation λu + λs < 0.
In Figure 3 below we present some possible Rovella one-dimensional maps obtained
through quotienting out the stable diretion of the return map to the global ross-setion
of the attrator. In Setion 3 we explain this proedure.
In this paper we will study the geometri model of the Rovella-like attrator from the point
of view of thermodynami formalism. This theory studies the multifratal properties of
the system (see [P℄), providing preise haraterisations of the dimension theory, as well as
giving insight into the statistial properties of the system. In the study of thermodynami
formalism, one takes a dynamial system (fs)s : X → X and a relevant potential ϕ :
X → R and studies the statistial properties of the system through the properties of the
pressure and the equilibrium states of the triple (X, (fs)s, ϕ). This theory was developed
for hyperboli dynamial systems by Sinai, Ruelle and Bowen [Si, Ru, Bo℄ in the ontext
of Hölder potentials on hyperboli dynamial systems, and has mainly been applied to
Axiom A systems and Anosov dieomorphisms, see e.g. [Ba, K℄.
The potentials whih tell us most about the system involve the Jaobean of the ow/map.
For disrete smooth onformal systems one would onsider ϕ = log |Df |. Knowledge of
the pressure and equilibrium states with respet to the family tϕ, the family of `natu-
ral/geometri' potentials, give us very ne information on the expansion properties of
the system. This is the Lyapunov spetrum. For disrete uniformly hyperboli systems
the theory of thermodynami formalism is already fairly well developed, see for example
[U, O℄. However, for disrete onformal non-uniformly hyperboli dynamial systems the
theory is urrently seeing a lot of ativity, for example [Na, PolW, GR, BT1, BT2, GPR,
PrR, IT1, IT2℄. In the ase of ows, thermodynami formalism has been studied in the
hyperboli ase in [Bo, W, BaS1, PSa, BaS2, C℄. In the non-uniformly hyperboli ase, the
main ontribution was made by Barreira and Iommi [BaI℄ who onsidered thermodynami
formalism for suspension ows over ountable Markov shifts.
To understand the Jaobean for the Lorenz ow we note that the tangent spae an be
split into three diretions: the ow diretion, whih has neutral expansion, the expand-
ing/unstable diretion and the ontrating/stable diretion. The study of the Lyapunov
spetrum in the Rovella ow ase is partiularly ompliated sine, in ontrast to the
expanding Lorenz ase, we have to deal with points where a derivative is zero.
The interesting part of the dynamis is in the expanding part of the attrator, so we on-
sider the Jaobean restrited to the expanding diretion. This situation an be modelled
by a suspension ow over a ountable Markov shift as in [BaI℄, but our approah uses a
simpler suspension ow allied to the results of Iommi and Todd [IT1, IT2℄. (Note that in
[IT1, IT2℄ a ountable Markov shift was used to produe the equilibrium states and infor-
mation on the Lyapunov spetra.) Our analysis aptures the points whih are typial for
the physial measure as well as for many other points aptured by nearby measures. As
mentioned above, we use the ommon approah (see [MPP, Me, MM, HM, APPV, GaPa℄)
of analysing Lorenz-like ows by taking Poinaré setions in suh a way that we obtain a
one-dimensional map. Note that our results hold for a larger lass of maps than just the
Rovella type of Lorenz ow. We onsider ows whih have a Poinaré setion with the
dynamis of maps onsidered in the appendix of [IT1℄.
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2. The main results
As skethed in the introdution, we prove the existene of an equilibrium state for the
potential ϕˆt(x, y, z) := −t log J
cu
(x,y,z); t > 0, for maps fˆ = (fˆs)s in a lass Fˆ of ows
that inludes a ontrating Lorenz ow introdued in [Ro℄. This is the natural potential
to onsider for these maps. Indeed, analysis of this potential also allows us to express
the Lyapunov spetrum of the ow in terms of the pressure. Reall that a ontrating
Lorenz ow fˆ is a ow with a unique singularity at the origin 0, dened in a ompat
neighbourhood C of 0 satisfying the following properties:
(1) the restrition of the ow to a small neighbourhood Q ⊂ Q ⊂ C is a linear ow L
with a unique singularity at 0,
(2) the eigenvalues λi, 1 6 i 6 3, of DL(0) are all real and satisfy λ2 < λ3 < 0 < −λ3 <
λ3.
It was proved in [Ro℄ that, under ertain additional onditions, the maximal positive
fˆ -invariant set Λ ⊂ Q is a transitive attrator.
In order to give our main results for these systems we rst need to introdue some basi
notions from thermodynami formalism. For referenes on the general theory, see for
example [Bo, K, P, C℄.
2.1. Thermodynami formalism. We begin by giving denitions for disrete time dy-
namial systems f : X → X , and will then generalise to the ow ase. We let
M =M(f) :=
{
measures µ : µ ◦ f−1 = µ and µ(X) = 1
}
.
Given a potential ϕ : X → [−∞,∞], the pressure of ϕ with respet to f is dened as
P (ϕ) = P (f, ϕ) := sup
{
h(µ) +
∫
ϕ dµ : µ ∈M and −
∫
ϕ dµ <∞
}
,
where h(µ) denotes the measure theoreti entropy of f with respet to µ. As in [K℄, the
quantity h(µ) +
∫
ϕ dµ is referred to as the free energy of µ with respet to (X, f, ϕ). A
measure µ ∈ M maximising the free energy, i.e. with h(µ) +
∫
ϕ dµ = P (ϕ), is alled an
equilibrium state.
Similarly for a ow fˆ , we dene the set of fˆ -invariant measures as
M =M(fˆ) :=
{
measures µˆ : µˆ(fˆ−1s (A)) = µˆ(A) for all s > 0 and µˆ(Xˆ) = 1
}
.
Moreover, for a potential ϕˆ : Xˆ → R, the pressure of (Xˆ, fˆ , ϕˆ) is dened as
P (fˆ , ϕˆ) := sup
{
h(fˆ , µˆ) +
∫
ϕˆ dµˆ : µˆ ∈M(fˆ) and −
∫
ϕˆ dµˆ <∞
}
.
(For more details of the entropy of ows, see Setion 5, in partiular (17).)
For a ow (fˆs)s : Xˆ → Xˆ in our lass Fˆ , as in [APPV, MM, MPP℄ at eah point
(x, y, z) ∈ R3, the tangent spae for the ow fˆ has a splitting Ecux ⊕ E
s
x where E
s
x is
tangent to the stable diretion and Ecux is tangent to the entre unstable diretion (see
Setion 3 for more details). We are interested in the potential
ϕˆt(x, y, z) := −t log J
cu
(x,y,z) (1)
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whih is the Jaobean of the dierential in the entre unstable diretion at the point
(x, y, z). This potential gives rise to a natural lass of equilibrium states, whih an be
seen as seleting out the sets in R
3
with dierent rates of asymptoti expansion by the ow
(see also Theorem B). For the following theorem, our rst main theorem for ontrating
Lorenz ows, we onsider this potential for t ∈ (t−, t+). The values of t− 6 0 and t+ > 1
are given below in (14).
Theorem A. Let fˆ ∈ Fˆ . Then for all t ∈ (t−, t+), there is an equilibrium state µˆt for
ϕˆt(x, y, z).
Given a potential ϕˆ : Iˆ → R, and α ∈ R, let
K ϕˆ(α) :=
{
(x, y, z) ∈ Iˆ : lim
u→∞
1
u
∫ u
0
ϕ(fˆs(x, y, z)) ds = α
}
and
K ϕˆ
′
:=
{
(x, y, z) ∈ Iˆ : lim
u→∞
1
u
∫ u
0
ϕ(fˆs(x, y, z)) ds does not exist
}
.
In our seond main theorem for ontrating Lorenz ows, we take K(α) := K log J
cu
(α).
The Lyapunov spetrum of (Iˆ , fˆ) is the map
α 7→ Lfˆ (α) := dimH(K(α) ∩ Λ),
where dimH denotes the Hausdor dimension of a set.
In our analysis of Lfˆ , we will use the potentials ϕˆt, for ertain parameters t ∈ R, and their
equilibrium states. The ows we onsider and the potentials ϕˆt have a natural relation
with pieewise C2 maps f on an interval and the natural potentials
ϕt(x) := −t log |Df(x)|. (2)
Often it an be shown that an equilibrium state for one suh potential ϕ1 is an absolutely
ontinuous invariant probability measure (aip) µac.
Dening, for a measure µ ∈M, the Lyapunov exponent of (I, f, µ) by
λ(µ) :=
∫
log |Df | dµ,
any equilibrium state µt for ϕt therefore satises
h(µt)− tλ(µt) = P (ϕt).
We also dene the pressure funtion:
p(t) := P (−t log |Df |).
In the following theorem, we give a relation between Lyapunov spetrum and the pressure
funtion on a ertain domain (α1, α2) ⊂ R whih is dened later in (15). Note that in
general the interval (α1, α2] ontains the Lyapunov exponents of both the SRB measure
and the measure of maximal entropy. We restrit our analysis to a subset of maps Fˆac ⊂ Fˆ ,
whih will be dened below.
Theorem B. Let fˆ ∈ Fˆac. Then for all α ∈ (α1, α2), the Lyapunov spetrum satises the
following relation
Lfˆ (α)− 2 =
1
α
inf
t∈R
(p(t) + tα) =
1
α
(p(t) + tαα) .
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where tα is suh that Dp(tα) = −α.
Remark 1. Note that it an be shown that for potentials ϕt and ϕˆt, with orresponding
equilibrium states µt and µˆt, we have Lfˆ(α) − 2 =
h(µtα)
α
= h(µˆtα )
α
for α and tα as in
Theorem B. Moreover, µˆtα(R
3 \ Lfˆ (α)) = 0.
We will prove Theorems A and B by rst reduing the study of maps in Fˆ to a lass of
maps on the unit square and then to a further lass of maps on the unit interval. This is
explained in the following two setions.
3. Constrution of a Rovella flow
In this setion we will onsider a lass of three dimensional ows whih will be dened
axiomatially. To show that these axioms are veried in the geometri ontrating Lorenz
models we give a detailed onstrution of this model.
We rst analyse the dynamis in a neighbourhood of the singularity at the origin, and
then we omplete the ow, imitating the buttery shape of the original Lorenz ow.
We start with a linear system (x˙, y˙, z˙) = (λ1x, λ2y, λ3z), with λi, 1 6 i 6 3 satisfying the
relation
− λ2 > −λ3 > λ1 > 0, β > ℓ+ 3, β = −
λ2
λ1
, ℓ = −
λ3
λ1
. (3)
This vetor eld will be onsidered in the ube [−1, 1]3 ontaining the origin (0, 0, 0).
For this linear ow, the trajetories are given by
fˆs(x0, y0, z0) = (x0e
λ1s, y0e
λ2s, z0e
λ3s), (4)
where (x0, y0, z0) ∈ R
3
is an arbitrary initial point near p = (0, 0, 0).
Now let Σ =
{
(x, y, 1) : |x| 6 1/2, |y| 6 1/2
}
and onsider
Σ− =
{
(x, y, 1) ∈ Σ : x < 0
}
, Σ+ =
{
(x, y, 1) ∈ Σ : x > 0
}
and
Σ∗ = Σ− ∪ Σ+ = Σ \ Γ, where Γ =
{
(x, y, 1) ∈ I˜ : x = 0
}
.
Σ is a transverse setion to the linear ow and every trajetory rosses Σ in the diretion
of the negative z axis.
Consider also Σ˜ = {(x, y, z) : |x| = 1} = Σ˜− ∪ Σ˜+ with Σ˜± = {(x, y, z) : x = ±1}. For
eah (x0, y0, 1) ∈ Σ
∗
the time s suh that fˆs(x0, y0, 1) ∈ Σ˜ is given by
s(x0) = −
1
λ1
log |x0| (5)
whih depends on x0 ∈ Σ˜
∗
only and is suh that s(x0)→ +∞ when x0 → 0.
Hene, using (5), we get (where sgn(x) = x/|x| for x 6= 0)
fˆs(x0)(x0, y0, 1) =
(
sgn(x0), y0e
λ2·s(x0), eλ3·s(x0)
)
=
(
sgn(x0), y0|x0|
β, |x0|
ℓ
)
.
Consider L : Σ∗ → Σ˜± dened by
L(x, y, 1) =
(
sgn(x), y|x|β, |x|ℓ
)
. (6)
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Clearly eah segment Σ∗ ∩ {x = x0} is taken by L to another segment Σ˜
± ∩ {z = z0} as
skethed in Figure 1.
Σ Σ
x=x=
λ
λ
λ
1
2 3
.
.
p
.
− +11
Γ
L
+
−
Σ
+Σ
−
Figure 1. Behaviour near the origin.
It is easy to see that L(Σ±) has the shape of a usp triangle with a vertex (±1, 0, 0),
a usp point at the boundary of the triangle. Sine L is a linear ow, it preserves the
vertial foliation F s of Σ whose leaves are given by the lines x = x0. We shall further
assume that L(Σ±) are uniformly ompressed in the y-diretion.
3.1. The random turns around the origin. To imitate the random turns of a regular
orbit around the origin and obtain a buttery shape for our ow, we proeed as follows.
Reall that the xed point p at the origin is hyperboli and so its stable W s(p) and
unstable W u(p) manifolds are well dened, [PM℄. Observe that W u(p) has dimension one
and so it has two branhes, W u,±(p) and W u(p) = W u,+(p) ∪ {p} ∪W u,−(p).
The sets Σ˜± should return to the ross setion Σ through a ow desribed by a suitable
omposition of a rotation R±, an expansion E±θ and a translation T±.
The rotation R± has axis parallel to the y-diretion, whih is orthogonal to the x-diretion
(whih is parallel to the loal branhes W u,±(p)). More preisely is suh that (x, y, z) ∈
Σ˜±, then
R±(x, y, z) =
 0 0 ±10 1 0
±1 0 0
 . (7)
The expansion ours only along the x-diretion, so, the matrix of Eθ is given by
E±ρ(x, y, z) =
 ρ 0 00 1 0
0 0 1

(8)
with ρ · (1
2
)ℓ < 1. This ondition is to ensure that the image of the resulting map is
ontained in Σ.
The translation T± : R
3 → R3 is hosen suh that the unstable diretion starting from
the origin is sent to the boundary of Σ and the image of both Σ˜± are disjoint. These
transformations R±, E±ρ, T± take line segments Σ˜
±∩{z = z0} into line segments Σ∩{x =
x1}, and so does the omposition T± ◦ E±ρ ◦R±.
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This omposition of linear maps desribes a vetor eld in a region outside [−1, 1]3 = Iˆ
in the sense that one an use the above matries to dene a vetor eld V suh that the
time one map of the assoiated ow realises T± ◦ E±ρ ◦R± as a map Σ˜
± → Σ. This will
not be expliit here, sine the hoie of the vetor eld is not really important for our
purposes.
The above onstrution allows us to desribe, for eah s ∈ R, the orbit fs(x) of eah point
x ∈ I˜: the orbit will start following the linear eld until Σ˜± and then it will follow V
oming bak to Σ and so on. Let us denote by B = {fˆs(x), x ∈ Σ, s ∈ R
+} the set where
this ow ats. The geometri ontrating Lorenz ow is then the ouple (B, fˆs) dened
in this way.
Figure 2. A Rovella ow
The Poinaré rst return map will thus be dened by f˜ : Σ∗ → Σ as
f˜(x, y) =
{
T+ ◦ E+ρ ◦R+ ◦ L(x, y, 1) for x > 0
T− ◦ E−ρ ◦R− ◦ L(x, y, 1) for x < 0
(9)
The ombined eets of T± ◦ R± and L on lines implies that the foliation F
s
of Σ given
by the lines Σ ∩ {x = x0} is invariant under the return map. In other words, we have
(⋆) for any given leaf γ of F s, its image F (γ) is ontained in a leaf of F s, and the
ondition β > ℓ+ 3 guarantees that F s is a C3-foliation.
3.2. An expression for the rst return map. Combining equations (6) with the eet
of the rotation omposed with the expansion and the translation, we obtain that f˜ must
have the form
f˜(x, y) =
(
fRo(x), gRo(x, y)
)
where fRo : I \ {0} → I and gRo : (I \ {0})× I → I are given by
fRo(x) =
{
f1(x
ℓ) if x < 0,
f0(x
ℓ) if x > 0,
with fi = (−1)
iρ · x+ di, i ∈ {0, 1}, and (10)
gRo(x, y) =
{
g1(x
ℓ, y · xβ) if x < 0,
g0(x
ℓ, y · xβ) if x > 0,
8 MARIA JOSÉ PACIFICO AND MIKE TODD
where g1|I
− × I → I and g0|I
+ × I → I are suitable ane maps. Here I− = (−1/2, 0),
I+ = (0, 1/2). Note that onditions (f1)-(f5) below determine the preise form of the
onstants di.
3.2.1. Properties of the map gRo. Observe that by onstrution, gRo in equation (9) is
pieewise C3. Moreover, we have the following bounds on its partial derivatives:
(a) For all (x, y) ∈ Σ∗, x > 0, we have ∂ygRo(x, y) = x
β
. As β > 1, |x| 6 1/2, there is
0 < λ < 1 suh that
|∂ygRo| < λ. (11)
The same bound works for x < 0.
(b) For all (x, y) ∈ Σ∗, x 6= 0, we have ∂xgRo(x, y) = β · x
β−ℓ
. As β − ℓ > 3 and
|x| 6 1/2, we get
|∂xgRo| <∞. (12)
Item (a) above implies that the map f˜ = (fRo, gRo) is uniformly ontrating on the leaves
of the foliation F s: there is C > 0 suh that
(⋆⋆) if γ is a leaf of F s and x, y ∈ γ, then dist
(
f˜n(x), f˜n(y)
)
6 λn · C · dist(x, y)
where λ an be hosen as the one given by equation (11).
3.2.2. Properties of the one-dimensional map fRo. Next we outline the main features of
fRo.
The following properties are easily implied from the onstrution of fˆ :
(f1) By equation (10) and the way T± is dened, fRo is disontinuous at x = 0. The
lateral limits fRo(0
±) do exist, fRo(0
±) = ±1
2
,
(f2) fRo is C
3
on I \{0}. As β > ℓ+3, we get limx→0+ DfRo(x) = 0 = limx→0− DfRo(x),
and the order of fRo at x = 0 is ℓ− 1 > 0.
By the onvexity properties of fRo we then obtain that
DfRo(x) > 0 for all x ∈ I \ {0}.
(f3) maxx>0DfRo(x) = DfRo(1), maxx<0DfRo(x) = DfRo(−1).
(f4) −1 and 1 are pre-periodi repelling points for fRo.
(f5) fRo has negative Shwarzian derivative: SfRo < a < 0.
We say that a map of the interval f : I → I is a Rovella map if it satises the properties
(f1)(f5) above. We denote this lass of maps by FR. We refer to a Rovella map whih is
topologially onjugate to the doubling map as a full Rovella map.
Figure 3. Possible Rovella maps
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3.2.3. A Rovella attrator is partially hyperboli. A ompat invariant set Λ ⊂ M is
partially hyperboli if the tangent bundle TΛM splits into a ontinuous sum of sub-bundles
E⊕F , Dfˆs-invariant, with E uniformly ontrating, F ontains the ow-diretion [fˆ ] and
there are 0 < λ < 1 and c > 0 suh that that for all s > 0 and eah x ∈ Λ∥∥∥Dfˆs | Esx∥∥∥ · ∥∥∥Dfˆ−s | Ecufˆs(x)∥∥∥ < cλs. (13)
It follows from the onstrution and ondition (3) on the eigenvalues at the origin, that a
Rovella attrator is partially hyperboli. In partiular, besides the existene of the stable
(uniformly ontrating) foliation F s, there is a entre-unstable C1 foliation F cu.
3.2.4. Projetion to the interval. Notation: From here on it will often be onvenient to
use the notation I˜ = Σ (reall I = [−1/2, 1/2]) and Iˆ = B, the domain of the Rovella
ow onstruted above.
The intersetion of the foliations F s and F cu with the ross setion I˜ indue a oordinate
system (x, y) on I˜, i.e. any point in I˜ an be expressed as (x, y) where for all small ε, all
points (x+ε′, y) for |ε′| < ε are in the same unstable leaf as (x, y), and similarly (x, y+ε′)
are in the same stable leaf as (x, y).
We dene the map ι : I˜ → I as ι(x, y) = x. Sine our map f˜ preserves the stable foliation,
(I, f) is a fator of (I˜ , f˜). That is, f ◦ ι = ι◦ f˜ . To see this, let (x, y) ∈ I˜ and suppose that
(x′, y′) ∈ I˜ is suh that f˜(x, y) = (x′, y′). From the denition of f , we have x′ = f(x).
Then we ompute
f ◦ ι(x, y) = f(x) = ι(f(x), y′) = ι ◦ f˜(x, y).
4. C2 usp maps
As in the previous setion, given a Rovella map fˆ , if we take Poinaré setions twie then
the study of the ow redues to the study of one-dimensional maps. We will shortly dene
a wider lass of one-dimensional maps whih ontains this lass (and so the orresponding
lass of ows ontains Rovella ows). First we dene the left and right derivatives of a
map f : A→ R for x ∈ A where A ⊂ R as
D−f(x) := lim
yրx
f(x)− f(y)
x− y
and D+f(x) := lim
yցx
f(x)− f(y)
x− y
respetively.
Denition. f : ∪jIj → I is a non-singular usp map if there exist onstants C, α > 1
and a nite olletion {Ij}j of disjoint open subintervals of I suh that
(1) for all x, y ∈ Ij we have |Dfj(x)−Dfj(y)| < C|x− y|
α
;
(2) D+f(aj), D
−f(bj) exist and are equal to 0.
We denote the set of points aj, bj by Crit.
Dobbs [D1℄ onsidered maps of this type, although he also allowed the maps to have some
types of singularities at the boundaries of Ij . Note that the Lorenz-like maps onsidered
in [DHL℄ are a subset of the usp maps onsidered by Dobbs, but with extra expansion
onditions.
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Remark 2. Notie that if for some j, bj = aj+1, i.e. Ij ∩ Ij+1 interset, then f may
not ontinuously extend to a well dened funtion at the intersetion point bj, sine the
denition above would then allow f to take either one or two values there. So in the
denition above, the value of fj(aj) is taken to be limxցaj fj(x) and fj(bj) = limxրbj fj(x),
so for eah j, fj is well dened on Ij.
In this paper we will restrit to a partiular subset of this lass. We let F be the lass of
non-singular usp maps with
(3) negative Shwarzian (i.e. 1/
√
|Df | is onvex on eah Ij).
This ondition rules out the singularities onsidered by Dobbs. Moreover, it is lear that
the lass FR of Rovella maps desribed in the previous setion is inluded in F . We let
Fac ⊂ F denote the lass of maps f ∈ F whih have an aip µac with positive Lyapunov
exponent and whih has density with respet to Lebesgue in Lp for some p > 1. Note that
maps in FˆR as well as the non-singular maps in [DHL℄ are in Fˆac. This an be derived
for example from [Co, Lemma 2.2℄ and the exponential deay shown in [DHL, Me℄.
Next we introdue the lass of ows we shall deal with:
Denition. The set Fˆ is the lass of ows on Iˆ whih give rise to a Poinaré map on I˜
whih is uniformly ontrating in the vertial diretion, the return time of (x, y, 1) is of
order − log |x| (as in (5)) and the map indued in the horizontal oordinate is in F . The
set Fˆac is dened similarly.
The study of the potential ϕˆt as in (1) for maps in Fˆ redues to the study of potentials
ϕt as in (2). In order to prove the existene of equilibrium states for these potentials we
need to further restrit our lass to maps with good expansion properties. Note that our
onditions are muh weaker than those required for Rovella maps.
We dene
λM = λM(f) := sup{λ(µ) : µ ∈M}, λm = λm(f) := inf{λ(µ) : µ ∈M}.
Then for f ∈ F we let
t− := inf{t : p(t) > −λM t} and t
+ := sup{t : p(t) > −λmt}. (14)
Remark 3. The arguments of [Pr℄ an be adapted to show that if f ∈ F then λm > 0.
This implies that t+ > 0. If f ∈ Fac then by denition the aip has positive Lyapunov
exponent. Therefore as in [D2, Theorem 3℄, see also [L, Theorem 3℄, µac is an equilibrium
state for − log |Df | and moreover t+ > 1.
Sine λM 6 supx∈I log |Df(x)| < ∞ for f ∈ F , we also have t
− < 0. Note that if
t− > −∞ then p is linear for all t 6 t−. Similarly, if t+ < ∞ then p is linear for all
t > t+.
The rst theorem gives equilibrium states for our systems. In the ontext of multimodal
maps this theory was rst onsidered in [BK℄, later extended for some ases by [PSe℄,
and then for more general ases in [BT2, BT1℄ and in omplete generality in [IT1℄. The
following theorem is proved in the appendix of [IT1℄.
Theorem 1. Let f ∈ F . Then for all t ∈ (t−, t+) there is a unique equilibrium state µt
for ϕt. Moreover,
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(1) h(µt) > 0;
(2) the map t 7→ p(t) is C1 in (t−, t+);
(3) if all c ∈ Crit are not periodi or preperiodi then t− = −∞.
We next onsider the Lyapunov spetrum. For α ∈ R, we let
J(α) :=
{
x ∈ I : lim
n→∞
1
n
log |Dfn(x)| = α
}
and
J ′ :=
{
x ∈ I : the limit lim
n→∞
1
n
log |Dfn(x)| does not exist
}
.
The unit interval an be deomposed in the following way (themultifratal deomposition),
[0, 1] = J ′ ∪ (∪αJ(α)) .
As in Setion 2, the funtion that enodes this deomposition is alled the multifratal
spetrum of the Lyapunov exponents and it is dened by
Lf (α) := dimH(J(α)).
This funtion was studied by Weiss [W℄ in the ontext of Axiom A maps.
As in the usual theory, if p(t) is C1 at t ∈ R and there exists an equilibrium state µt for
−t log |Df | then Dp(t) = −λ(µt). Let
α1 := D
+p(t−) and α2 := D
−p(t+). (15)
The following is proved as in [IT2℄.
Theorem 2. Let f ∈ Fac. Then for all α ∈ (α1, α2), the Lyapunov spetrum satises the
following relation
Lf(α) =
1
α
inf
t∈R
(p(t) + tα) =
1
α
(p(tα) + tαα) =
h(µtα)
α
,
where tα is suh that Dp(tα) = −α. Moreover, Lf is C
1
in (α1, α2).
Remark 4. Note that in the ase of full Rovella maps, as in the ase of the quadrati
Chebyshev map, α1 = α2, so the above theorem is empty. This is shown via the onjugay
to the doubling map. Moreover, for both of these maps there are only two possible Lyapunov
exponents, one orresponding to the repelling xed points and one orresponding to the
aip. The former orresponds to a set of Hausdor dimension 0 and the latter to a set of
Hausdor dimension 1.
Remark 5. As in Remark 3, if f ∈ Fac then t
− < 0 and t+ > 1. Hene the interval
(α1, α2) ontains the interval (λ(µac), λ(µmax)] where µac is the aip (the equilibrium state
for −t log |Df | for t = 1) and µmax is the measure of maximal entropy (the equilibrium
state for −t log |Df | for t = 0).
5. Thermodynamis of flows
5.1. Thermodynamis of suspension ows. We will show that for ertain natural
potentials for the ontrating Lorenz ow, we an prove an equivalent of Theorem 1.
Given the Lorenz ow fˆ = (fˆs)s>0 on Iˆ ⊂ R
3
, as shown Setion 3, we an take a 2
dimensional Poinaré setion I˜ ⊂ R3 and get the rst return map f˜ = fˆr : I˜ → I˜ where r
is the return time of a point in I˜ to I˜.
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We an treat the Lorenz ow as a semiow over I˜. We will desribe the abstrat setup for
semiows. For more bakground on this general setup we refer to [AK℄ whih desribes
the simple relation between the semiow and the map on the base whih the semiow
is taken over. Muh of what follows is very similar to thermodynami formalism in the
setting of Anosov ows, see [Bo, C℄. However, the singularity auses some diulties,
reating some non-uniform hyperboliity. For some information on suh systems, but
prinipally for SRB measures, see [V℄. For related reent work on the thermodynamis of
semiows over Countable Markov Shifts to prove our results see [BaI℄.
Suppose that f : X → X is a dynamial system. Let the roof funtion rˇ : X → [0,∞) be
a ontinuous funtion and onsider the spae:
Xˇ := {(x, s) ∈ X × R : 0 6 s 6 rˇ(x)}/ ∼,
where (x, rˇ(x)) ∼ (σ(x), 0) for every x ∈ X . The suspension semiow fˇ = (fˇs)s>0 over f
with roof funtion rˇ is dened as
fˇs(x, u) := (x, u+ s) if u+ s ∈ [0, rˇ(x)].
The relevant lass of measures here is
M(f, rˇ) :=
{
µ ∈M(f) :
∫
rˇ dµ <∞
}
.
It is shown in [AK℄ that if µ is an f -invariant measure, possibly innite, and
∫
rˇ dµ <∞
then the produt measure µ ×m, where m is Lebesgue, is fˇ -invariant. Indeed when rˇ is
bounded away from zero there is a anonial identiation between M(fˇ) and M(f, r):
the map ιˇ :M(f, rˇ)→M(fˇ) given by
ιˇ(µ) :=
(µ×m)|Xˇ
(µ×m)(Xˇ)
(16)
is a bijetion.
The entropy of a ow (Xˇ, fˇ , µˇ) an be dened by the metri entropy of the orresponding
time 1 map. Abramov [Ab℄ proved that for semiows, this is the same as
h(fˇ , µˇ) =
h(f, µˇ ◦ ιˇ−1)∫
r d(µˇ ◦ ιˇ−1)
. (17)
We will take this denition.
Given a potential ϕˇ : Xˇ → R, we dene the orresponding potential ∆ϕˇ : X → R as
∆ϕˇ(x) :=
∫ r(x)
0
ϕˇ(x, s) dt.
By the identiation of M(fˇ) and M(f, r), oupled with the Abramov formula, we an
write
P (fˇ , ϕˇ) = sup
{
1∫
r dµ
(
h(f, µ) +
∫
∆ϕˇ dµ
)
: µ ∈M(f, r) and −
∫
∆ϕˇ dµ <∞
}
.
Remark 6. If the underlying system (X, f) is a ountable Markov shift, under ertain
smoothness onditions on the potential, a Variational Priniple for the pressure was proved
in [BaI℄. We ould extend that theory to the ase of the Lorenz ow with the potentials
given below. However, sine this isn't required to prove our results, we will not do the
omputations here.
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We now return to the map f˜ : I˜ → I˜. As in [AK℄, there is a map between the suspension
ow and the atual ow:
pˇ : Iˇ =
{
(x, s) ∈ I˜ × R : 0 6 s 6 rˇ(x)
}
/ ∼→ Iˆ .
We an dene entropy of a measure µˆ ∈ M(fˆ) as h(µˆ ◦ pˇ). Similarly we an dene the
pressure P (fˆ , ϕˆ) as P (fˇ , ϕˇ).
5.2. The relation between the one and two dimensional systems. Later we will
relate equilibrium states for f with those for f˜ . Doing this involves omparing the quantity
free energies of measures for f with those for f˜ , so we will need a relation between
M(f) and M(f˜). We will use ideas from [APPV℄ to help with this. Note that in that
paper the authors onsidered the expansive rather than the ontrating Lorenz ows we
are onerned with here, but many of those ideas arry through to our ase. As in
[APPV, Corollary 5.2℄, there is an injetion fromM(f) toM(f˜). Moreover, learly given
µ˜ ∈ M(f˜) the measure µ˜ ◦ ι−1 is f -invariant. In the following lemma we show that in
fat we have a bijetion between M(f) and M(f˜).
Lemma 1. There is a bijetion p˜ : M(f) → M(f˜). Moreover, ι ◦ p˜ is the identity on
M(f) and p˜ and p˜−1 take ergodi measures to ergodi measures.
Proof. Given x ∈ I, we let ξx := {(x, y) : y ∈ I}. This is a leaf of the F
s
the stable
foliation of I˜. For any potential ϕ˜ : I˜ → R, we dene
ϕ−(x) = inf
y∈ξx
ϕ˜(x, y) and ϕ+(x) = sup
y∈ξx
ϕ˜(x, y).
Following [APPV, Setion 5.1℄, we an show that if µ ∈Mf then there is a unique measure
µ˜ ∈M(f˜) suh that for any ontinuous funtion ϕ˜ : I˜ → R, the limits
lim
n→∞
∫ (
ϕ˜ ◦ f˜n
)
−
dµ and lim
n→∞
∫ (
ϕ˜ ◦ f˜n
)
+
dµ
exist, are equal, and oinide with
∫
ϕ˜ dµ˜. This determines the map p˜ :M(f)→M(f˜),
whih is injetive. We will show that it is in fat a bijetion between M(f) and M(f˜).
The map ι gives us a natural way to get fromM(f˜) toM(f). The lemma will be proved
if we an show that given µ˜ ∈M(f˜), for the measure ν := µ˜ ◦ ι−1 ∈M(f) we have ν˜ = µ˜
(i.e. p˜ ◦ ι is the identity on M(f˜)).
As in [APPV, Corollary 5.2℄, we have, for a ontinuous ϕ˜ : I˜ → R and ν˜ := p˜(ν),∫
ϕ˜ dν˜ = lim
n→∞
∫ (
ϕ˜ ◦ f˜n
)
−
dν = lim
n→∞
∫
(ϕ˜ ◦ f˜n)− d(µ˜ ◦ ι
−1)
= lim
n→∞
∫ (
inf
y′∈I
ϕ˜ ◦ f˜n(x, y′)
)
dµ˜(x, y)
sine the integrand is independent of y. Beause
∫
ϕ˜ ◦ f˜n dµ˜ =
∫
ϕ˜ dµ˜, to omplete the
lemma it sues to show that inreasing n makes∣∣∣∣∫ ( infy′∈I ϕ˜ ◦ f˜n(x, y′)
)
dµ˜(x, y)−
∫
ϕ˜ ◦ f˜n(x, y) dµ˜(x, y)
∣∣∣∣
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arbitrarily small (this follows similarly when we replae inf by sup). Sine f˜ is uniformly
ontrating on eah ξx by (⋆⋆), and ϕ˜ is uniformly ontinuous, for any ε > 0, for all large
n, ∣∣∣∣( infy′∈I ϕ˜ ◦ f˜n(x, y′)
)
− ϕ˜ ◦ f˜n(x, y)
∣∣∣∣ < ε,
for all (x, y) ∈ I˜. Therefore,∣∣∣∣∫ ( infy′∈I ϕ˜ ◦ f˜n(x, y′)
)
dµ˜(x, y)−
∫
ϕ˜ ◦ f˜n(x, y) dµ˜(x, y)
∣∣∣∣ < ε.
We an also replae inf with sup here. Hene ν˜ = µ˜ as required.
Given an ergodi measure µ˜ ∈ M(f˜), it is lear that p˜−1(µ˜) = ι−1(µ˜) is ergodi. Con-
versely, given an ergodi measure µ ∈M(f), the ergodiity of p˜(µ) follows as in [APPV,
Corollary 5.5℄. 
5.3. Relation between thermodynamis of systems on the interval, square and
ow. For a potential ϕ : I → R, we dene ϕ˜ : I˜ → R to be ϕ˜(x, y) = ϕ(x). Conversely,
if ϕ˜ : I˜ → R is a potential depending only on the rst oordinate then we dene ϕ˜1(x) :=
ϕ˜(x, y).
Lemma 2. Given a potential ϕ : I → R, µ is an equilibrium state for (I, f, ϕ) if and only
if µ˜ is an equilibrium state for (I˜ , f˜ , ϕ˜).
Proof. Suppose that µ˜ is an equilibrium state for ϕ˜. Then
h(f˜ , µ˜) +
∫
ϕ˜ dµ˜ = P (f˜ , ϕ˜).
We let µ be the projetion of µ˜ to I. It is easy to show that
∫
ϕ˜ dµ˜ =
∫
ϕ˜1 dµ and
h(f˜ , µ˜) = h(f, µ). Then
h(f, µ) +
∫
ϕ˜1 dµ = P (f˜ , ϕ˜).
As in [Bo℄, P (f˜ , ϕ˜) = P (f, ϕ˜1), so µ is an equilibrium state for ϕ˜1.
To omplete the proof of the lemma, we observe that the above omputations also imply
that if µ ∈ M(f) is an equilibrium state for ϕ, then µ˜ = p˜(µ) is an equilibrium state for
ϕ˜. 
The following lemma gives us andidate equilibrium states for the Lorenz ow.
Lemma 3. For all t ∈ (t−, t+), µt, the equilibrium state for ϕt projets to a measure
µ˜t ∈M(f˜ , r).
Proof. The fat that µt projets to an invariant measure µ˜t ∈M(f˜) follows as in Lemma 2.
It remains to show that
∫
r dµ˜ < ∞. By (5), s(x) ≍ log |x − c|. Therefore, sine the
ritial point for f : I → I is non-at, the integrability of log |Df | implies the integrability
of r. The fat that log |Df | ∈ L1(µt) is lear from the denitions of F and µt. 
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Next we extend to the ow. Any f˜ -invariant measure µ˜ on I˜ an be identied with a
fˇ -invariant measure µˇ = ιˇ(µ˜) where ιˇ is dened in (16). Note by [APPV, Corollary 5.10℄
if ν ∈M(f˜) is ergodi then νˇ ∈M(fˇ) is ergodi. We dene the map
pˆ :M(f)
p˜
−→M(f˜)
ιˇ
−→M(fˇ)
pˇ
−→M(fˆ).
Given µ ∈M(f), let µˆ := pˆ(µ).
Lemma 4. Suppose that ϕˆ : Iˆ → R gives a potential ϕ˜ = ∆ϕˆ : I˜ → R whih depends only
on the rst oordinate. We set ϕ(x) = ϕ˜(x, y) for any y ∈ I. Then µ is an equilibrium
state for (I, f, ϕ) if and only if µˆ is an equilibrium state for (Iˆ, fˆ , ϕˆ).
Proof. This follows as in [C, Theorem 4.4℄: We may assume that P (ϕ) = 0. So
0 = P (ϕ) = h(µ) +
∫
ϕ dµ.
Then by Lemma 2 the measure µ˜ ∈M(f˜) has
0 = P (ϕ˜) = h(µ˜) +
∫
ϕ˜ dµ˜.
We let µˆ = pˆ(µ˜). Then by Lemma 3 and the Abramov formula,
h(µˆ) +
∫
ϕˆ dµˆ =
h(µ˜) +
∫
ϕ˜ dµ˜∫
r dµ˜
= 0.
This omputation also shows that P (ϕˆ) = 0. Hene µˆ is an equilibrium state for ϕˆ. The
onverse argument follows similarly. 
Proposition 1. For ϕˆt and ϕt as in (1) and (2) respetively, µ ∈M(f) is an equilibrium
state for (I, f, ϕt) if and only if µˆ = ιˆ(µ) is an equilibrium state for (Iˆ , fˆ , ϕˆt).
Proof. Lemma 4 gives this immediately. 
Proof of Theorem A. Proposition 1 added to Theorem 1 ompletes the proof. 
5.4. Lyapunov spetrum for the ow: proof of Theorem B. To prove Theorem B,
rst note that given x ∈ I with λ(x) = α, all points (x, y) ∈ ξx must lie in K(α).
Moreover,
{fˇs(x, y, 1) : y ∈ ξx and s ∈ [0, r(x, y, z))} ⊂ K(α).
Therefore, if we view fˆ as a suspension ow over (I˜ , f˜) with roof funtion r,
dimH(K(α)) = dimH(K(α) ∩ I˜) + 1 = dimH(J(α)) + 2 = L(α) + 2.
Theorem 2 then gives L in terms of the pressure.
Therefore, to omplete the proof of Theorem B we need to hek that the map from the
suspension ow model to the ow fˆ does not distort things too muh; in partiular is
loally bilipshitz. This allows us to assert the rst equality above. In [PM℄ they refer to
(x, y, z) ∈ Iˆ as a regular point if there exists (x˜, y˜, z˜) ∈ I˜ and a neighbourhood U0 suh
that fˆs : U0 → Us is a dieomorphism where Us is a neighbourhood of (x˜, y˜, z˜). Note that
any point in Λ ∩ I˜ is regular.
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For any regular point (x, y, z), there a neighbourhood of (x˜, y˜, z˜) in Iˆ suh that the ow
by fˆ to the orresponding neighbourhood of (x, y, z) is onjugated by pˇ to the parallel
ow on a ube. By the Tubular Flow Theorem of [PM, Chapter 2℄, this onjugay is
bilipshitz in this neighbourhood. This proves Theorem B.
Aknowledgements: MT would like to thank J.M. Freitas for useful 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